Let X be a Banach space, we study Riemann-Stieltjes operators between X-valued weighted Bloch spaces. Some necessary and sufficient conditions for these operators induced by holomorphic functions to be weakly compact and weakly conditionally compact are given by certain growth properties of the inducing symbols and some structural properties of the abstract Banach space, which extend some previous results.
Introduction and statement of the main results

Let
authors have published papers to extend this result from different angles. Some papers discussed a higher dimensional version Riemann-Stieltjes operator of 1.1 to the unit ball B n of C n replacing g z by the radial derivative Rg of g. For example, Hu 10 gave the characterizations of bounded and compact Riemann-Stieltjes operators on the Bloch space of B n , Xiao 11 further studied the Riemann-Stieltjes operators on weighted Bloch and Bergman spaces of the unit ball, Zhang 9 studied the boundedness and compactness of RiemannStieltjes operators on Dirichlet-type spaces and Bloch-type spaces of B n , on general Blochtype spaces, the Riemann-Stieltjes operators were studied in 5, 12 . From the main result of 9 see also in 12, 13 , we know that T g : B α → B β is bounded if and only if g ∈ B β for 0 < α < 1; sup z∈D 1 − |z| 2 β |g z | log 2/ 1 − |z| 2 < ∞ for α 1; and sup z∈D 1 − |z| It is worth remarking that all the above spaces which T g targets are not beyond a spectrum of the scalar-valued holomorphic function spaces. The purpose of this paper is to initiate the study of Riemann-Stieltjes operators on spaces of vector-valued holomorphic functions. Let X be any complex Banach space and α > 0, the vector-valued weighted Bloch space B α X consists of all X-valued holomorphic functions f : D → X such that
The little weighted Bloch space B α 0 X is the subspace of B α X consisting of the holomorphic Since
for any x * ∈ X * and f ∈ B α X , T g is bounded between B α X and B β X if and only if it is bounded between the corresponding scalar-valued spaces B α and B β . In addition, in Section 3, we will see that when the Banach space X is infinite-dimensional, T g is never compact between B α X and B β X except for the trivial case that g is a constant function. In this paper, we will study some small property of Riemann-Stieltjes operators between X-valued Bloch spaces. The main goal is to generalize some characterizations of compact Riemann-Stieltjes operators on scalar-valued Bloch spaces to the vector-valued case.
Our main result is for the weak compactness of T g . 
is weakly compact if and only if X is reflexive and
sup z∈D 1 − |z| 2 β g z < ∞ resp., lim |z| → 1 − 1 − |z| 2 β g z 0 . 1.8 2 For α 1, T g : B α X → B β X (or T g : B α 0 X → B β 0 X )
lim |z| → 1 − 1 − |z| 2 β ln 2 1 − |z| 2 g z 0. 1.9 3 For α > 1, T g : B α X → B β X (or T g : B α 0 X → B β 0 X )
Theorem 1.1 illustrates that T g is weakly compact between B α X and B β X if and only if X is reflexive and T g is compact between the corresponding scalar-valued spaces. It also illustrates that the weak compactness of T g depends on α with α > 1, but this is not 4 Journal of Inequalities and Applications the case when α ∈ 0, 1 , however, for the case α 1, the condition needs an additional logarithmic term.
The rest of the paper is organized as follows. We give some lemmas in Section 2, which are essentially needed for our proof of the main result. The proof of Theorem 1.1 and the reason why we do not consider the compactness of T g are given in Section 3. Finally, we briefly consider the weakly conditional compactness of T g between B α X and B β X and obtain some counterpart of our main result.
In the sequel, we often use the same letter C, depending only on the allowed parameters, to denote various positive constants which may change at each occurrence.
Preliminaries
First, we need the following growth estimate of Bloch functions.
Lemma 2.1. For α > 0 and any complex Banach space
Proof. Since for any x * ∈ X * ,
Taking the supremum over x * in the unit ball of X * and estimating the last integral will give the desired results.
For little Bloch spaces, we have the following improved behavior of f near the boundary ∂D. Lemma 2.2. Let X be a Banach space.
So for any ε > 0, there is r 0 ∈ 0, 1 such that
Then for any r 0 < |z| < 1, x * ∈ X * with x * X * ≤ 1, we have
the fact x * • f z x * • f z is used in the second inequality above. Since taking the supremum over all x * with x * X * ≤ 1 and a variance of 2.7 will complete the proof.
The following lemma is based on the well-known properties of the de la Vallée-Poussin summability kernel, which is used to approximate T g in the operator norm by suitable weakly compact operators sequence. 
3 If X is reflexive (resp., does not contain a copy of l 1 ), then V n is weakly compact (resp., weakly conditionally compact) on B α X for all n ≥ 1.
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Proof. We first define the operators V n by setting
for any holomorphic function f : D → X with the Taylor expansion f z
where K n θ n k −n 1 − |k|/ n 1 e ikθ denotes the Fejér kernel, which is a summability kernel, that is, 1/2π 2π 0 K n θ dθ 1 refer to 20 . Then we have
where · H ∞ X denotes the norm on the X-valued Hardy space H ∞ X given by f H ∞ X sup z∈D f z X . For any ε > 0 and r ∈ 0, 1 , there exists n 0 > 0 such that r n ≤ ε/4 for n > n 0 .
Given f ∈ H ∞ X , we write f − V n f z n g, then
2.12 the second equality above is due to the subharmonicity of g z X . So
for n > n 0 and all |z| < r, the last inequality comes from 2.11 . Now we define the desired operators {V n } via V n as follows:
14 for any holomorphic function f : D → X. Clear V n f is holomorphic and actually
for any holomorphic function f z
2.16
where f r · f r· for any 0 < r < 1. Hence
by the definition of the norm · B α X and V n f 0 f 0 . In addition, it is clear that V n B α 0 X ⊂ B α 0 X , since V n f is always a polynomial by 2.15 . This completes the proof of part 1 .
Since
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Hence for any |z| ≤ r < 1,
for large enough n, the third inequality to the last is followed by applying 2.13 to the function f √ r and the constant ε 1 − r α . This completes the proof of part 2 .
Finally, for any n, define α X are well defined and bounded. Moreover, V n T n S n by 2.15 , that is, V n has a factorization through 2n 0 X l 2 . It follows from Alaoglu's theorem 21 and Rosenthal's l 1 -criterion 22 that V n is weakly compact resp., weakly conditionally compact if X is reflexive resp., does not contain a copy of l 1 . The proof is complete.
Proof of the main results
Before proving Theorem 1.1, we first recall that a bounded linear operator T : E → F from the Banach space E to the Banach space F is compact resp., weakly compact if every bounded sequence {f n } ⊂ E has a subsequence {f n k } such that {Tf n k } is norm convergent resp., weakly convergent . A useful characterization for a bounded linear operators to be weakly compact is the Gantmacher's theorem 21 : T is weakly compact if and only if T * * E * * ⊂ F, where T * * is the second adjoint of T , and E * * is the second dual of E. Notice that if g is a nonconstant holomorphic function such that T g :
X is compact, then for any bounded sequence {x n } in X and f n z ≡ x n , {f n } is a bounded sequence of B α 0 X since f n B α X x n X , and then there exists a subsequence {f n k } by the definition of compact operators such that {T g f n k } is norm convergent in B β X . On the other hand,
So {F n k } is norm convergent in B β X . It follows from Lemma 2.1 that F n k converges uniformly on any compact subset of D, especially it is pointwise convergent. That is, for any bounded sequence {x n } ⊂ X, there is a subsequence {x n k } such that it is norm convergence in X since g is nonconstant, so X must be finite-dimensional Banach space by BolzanoWeierstrass theorem 21 . Namely, for any infinite-dimensional Banach space X, T g is never compact between X-valued weighted Bloch spaces except for the trivial case that gwhich is a constant function.
From here on, we always assume that X is an infinite-dimensional Banach space, similar analysis as above shows that if the Riemann-Stieltjes operator T g is weakly compact from B α X to B β X or from B α 0 X to B β 0 X , then for f n z ≡ x n , a bounded sequence in X, there exists a subsequence {f n k } such that {T g f n k } is weakly convergent. Without loss of generality, we may assume that {T g f n k } converges weakly to 0. Fix any z ∈ D, let δ z be the point evaluation function at z, that is, δ z f f z , f ∈ B β X . Then for any x * ∈ X * , the functional
for some constant C z > 0 by Lemma 2.1. That is,
for any x * ∈ X * and z ∈ D. Since g is nonconstant, so x * x n k → 0 as k → ∞ for any x * ∈ X * . That is, for any bounded sequence {x n } ⊂ X, there is a subsequence {x n k } such that it is weakly convergent, then X must be reflexive refer to 23 . Namely, the reflexivity of X is a necessary condition for the weak compactness of T g between X-valued Bloch spaces. Under this assumption, Theorem 1.1 states that T g :
0 X is weakly compact if and only if the corresponding scalar-valued operator T g is compact by the main result in 9 .
We are now going to complete the proof of Theorem 1.1.
Proof of Theorem 1.1. We first assume that X is reflexive and define the operator V n as in Lemma 2.3, that is,
for any holomorphic function f z 
